We introduce a tool, dynamical thickening, which overcomes the infamous discontinuity of the gradient flow endpoint map near non-degenerate critical points. More precisely, we interpret the stable foliations of certain Conley pairs (N, L), established in [4] , as a dynamical thickening of the stable manifold. As a first application and to illustrate efficiency of the concept we reprove a fundamental theorem of classical Morse theory, Milnor's homotopical cell attachment theorem [1] . Dynamical thickening drastically shortens and conceptually simplifies the original proof.
Consider a connected smooth manifold M of finite dimension n. Suppose f : M → R is a smooth function and x is a non-degenerate critical point of f of Morse index k, that is df x = 0 and in local coordinates the Hessian matrix (∂ 2 f /∂x i ∂x j ) i,j at x has precisely k negative eigenvalues, counting multiplicities, and zero is not an eigenvalue. Set c := f (x) and assume for simplicity that the level set {f = c} carries no critical point other than x.
Morse theory studies how the topology of sublevel sets M a = {f ≤ a} changes when a runs through a critical value c. A fundamental tool is the concept of a flow, also called a 1-parameter group of diffeomorphisms of M . A common choice is the downward gradient flow {ϕ s } s∈R , namely the one generated by the initial value problems
Existence is guaranteed, for instance, if the vector field is of compact support. Here ∇f denotes the gradient vector field of f on M . It is uniquely determined by the identity df (·) = g(∇f, ·) after fixing an auxiliary Riemannian metric g on M . Key properties of the downward gradient flow are that f decays along flow lines s → ϕ s q and that ∇f is orthogonal to level sets. Consequently sublevel sets are forward flow invariant. Since df x = 0 implies (∇f ) x = 0, any critical point x is a fixed point of the flow and non-degeneracy translates into hyperbolicity. 
The infinite dimensional heat flow scenario on the free loop space of M studied in [4] specializes to the case at hand if we consider only constant loops, pick V = f , and replace the Jacobi operator by the operator Ax on TxM that represents the Hessian under g. This way the semi-groups become essentially exponentials of n × n matrices, the analysis becomes much simpler, and we end up with a new proof of the well known finite dimensional λ-Lemma [2] . The arguments that establish the foliation in [4] simplify significantly in finite dimensions. For details we refer the reader to our upcoming lecture notes [3] .
2 Convention. As opposed to [4] , in the present text all leaves are closed disks.
which is C 1 away from the ascending diskW s ε . It is a key fact that the leaves are diffeomorphic toW
to the identity onW s ε , as T → ∞. Furthermore, the foliation is flow invariant in the sense that ϕ s maps the leaf N (γ T ) into N (ϕ s γ T ). Figure 1 illustrates the foliation and the qualitative behavior of the flow which is transversal to all leaves except the leaf over x which is invariant. Conjugation by the diffeomorphism G To see that T A is well defined note that Z and A are both forward flow invariant. Indeed ∂A is a level set along which −∇f is inward pointing. Moreover, the boundary of Z consists of, firstly, some part of a level set along which −∇f is inward pointing and, secondly, the hypersurface Figure 1 by dotted lines, since it does just not belong to N , consequently by solid lines in Figure 2 .
The function T A is lower and upper semi-continuous, hence continuous, because the subset A of Z is closed and forward flow invariant, respectively; cf. [4, Pf. of Thm. B]. As the set X := Z \ {f < c − ε} illustrated by Figure 2 is equal to the compact and critical point free set By [4] dynamical thickening can be defined in infinite dimensional contexts, a backward flow is not even required.
Perspectives
In the history of Morse theory discontinuity of the flow trajectory end point map obstructed to carry out, in a simple fashion, various constructions suggested by geometry, for instance, to extend continously open unstable disks towards their closure. It will be a future research project to investigate the role of local dynamical thickening in such cases. Inspired by our ongoing work to construct global backward foliations for the forward heat flow we are tempted to believe that their finite dimensional analogues might be useful tools as well.
